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Abstract 



Recently it was proposed that the Bagger-Lambert-Gustavsson theory with Nambu-Poisson 
structure describes an M5-brane in a three-form flux background. In this paper we investigate 
the superalgebra associated with this theory. We derive the central charges corresponding to 
M5-brane solitons in 3-form backgrounds. We also show that double dimensional reduction 
of the superalgebra gives rise to the Poisson bracket terms of a non-commutative D4-brane 
superalgebra. We provide interpretations of the D4-brane charges in terms of spacetime 
intersections. 
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1 Introduction 



M-theory contains two basic extended objects which preserve half the supersymmetry of 
the vacuum; the M2-brane and the M5-brane. This is due to the fact that 11- dimensional 
supergravity, which is the low energy limit of M-theory, contains a single 3-form gauge 
field, which couples electrically to the M2-brane and magnetically to the M5-brane. The 
existence of these objects can also be seen at the level of the M-theory superalgebra, which 
is a modification of the 11-dimensional supertranslation algebra to include 2- form and 5- 
form central charges (For a review see pQ). M-theory configurations which preserve less 
than half the supersymmetry of the vacuum may be found by looking at intersecting M- 
branes. The simplest case is when two M-branes intersect to yield a quarter supersymmetric 
solution. A remarkable feature of these configurations is that the intersection appears as 
a half supersymmetric soliton of the worldvolume theory of one of the constituent branes 
[21 [3]. The spacetime interpretation can be deduced from the worldvolume scalars which 
determine the spacetime embedding. Furthermore it was shown in [3] that the spacetime 
interpretation of a worldvolume p-brane preserving 1/2 supersymmetry is encoded in the 
worldvolume supersymmetry algebra. For example, in M-theory, a stack of multiple M2- 
branes ending on an M5-brane can be seen from the M5-brane worldvolume perspective as 
a self-dual string soliton [5], whereas the M5-M5 intersection can be described as a 3-brane 
vortex on the worldvolume of one of the M5-branes [6]. Central charges corresponding to 
both these configurations can be found in the worldvolume superalgebra of the M5-brane 
[7J [S]. For a general review of M-branes and their interactions see [5]. 

It should also be possible to see the M5-brane as a soliton in the worldvolume theory 
of multiple M2-branes. Although the worldvolume theories of a single M2-brane and M5- 
brane are quite well understood, it is only recently that effort has been directed toward 
a Lagrangian description of the worldvolume theory for multiple M2-branes. This work 
began with the efforts of Bagger, Lambert and Gustavson [ID]- [13] who proposed an Af = 8 
supersymmetric field theory based on a Lie 3-algebra. When the generators of the 3-algbera 
are taken to be finite-dimensional, and the metric positive definite, it was shown in |14] . [T5] 
that there is essentially one unique example in which the structure constants take the form 
jabcd ^ £ abcd^ j n jjgj an( j jj^j n was shown that this theory describes two M2-branes in an 
R 8 /Z 2 orbifold background. The worldvolume and spacetime superalgebra of this theory has 
been studied in [IS]- [2D] (For a discussion of M2-M5 configurations and BPS states in BLG 
theory and ABJM theory see for example [21]- [SI]). However it is also possible to define an 
infinite-dimensional Lie 3-algebra based on the Nambu-Poisson bracket. Remarkably in [32J- 
[33] it was shown that the Bagger-Lambert-Gustavsson theory with Nambu-Poisson bracket 
can be thought of as describing an M5-brane in a three-form background. This can be seen 
by re-writing the BLG field theory on the 3-dimensional membrane worldvolume A4 as a 
field theory on a 6-dimensional manifold A4 x Af where Af is an internal 3-manifold with 
Nambu-Poisson structure. The bosonic content of this model was shown to include a self- 
dual gauge field on AA x Af, as well as 5 scalar fields parameterising directions transverse to 
the 6-dimensional worldvolume. In [33] it was shown that the gauge transformation defined 
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by the Lie 3-algebra associated with the infinite dimensional Nambu-Poisson bracket can 
be identified as the volume preserving diffeomorphism of the manifold M on which the 3- 
algebra acts. Furthermore it was shown that by performing a double dimensional reduction, 
the BLG theory with Nambu-Poisson bracket reduces to the Poisson bracket terms of a non- 
commutative £7(1) gauge theory that can be interpreted as the effective worldvolume theory 
of a D4-brane in a background with a strong NS-NS 2-form gauge field. 

The aim of this paper is to investigate the superalgebra of this theory. Given the interpre- 
tation of the Nambu-Poisson model as a description of an M5-brane in 3-form background, 
one might expect to find central charges corresponding to M5-M2 and M5-M5 intersections 
in the presence of background flux. Indeed we will see that the central charges appearing 
in the superalgebra may be interpreted as energy bounds of M5-brane worldvolume solitons 
in the presence of a background three-form gauge field. In the next section we will briefly 
review the model proposed in [33J for the Bagger-Lambert theory with Nambu-Poisson 3- 
algebra. In section 3 we will re-write the BLG M2-brane charges in terms of Nambu-Poisson 
variables and derive the central charges of the M5-brane theory. In Section 4 we will look at 
the double dimensional reduction of this superalgebra and derive the worldvolume superal- 
gebra corresponding to a D4-brane in B-field background. In Section 5 we will discuss our 
results. An appendix summarises the conventions used throughout the paper. 



2 BLG Theory with Nambu-Poisson Bracket 

The Nambu-Poisson bracket may be regarded as the definition of a Lie 3-algebra in the 
infinite dimensional space C(J\f). The basis of C(J\f) is defined by x a {y) with a — 1, . . . oo. 
The Lie 3-algebra structure constant is defined by the Nambu-Poisson bracket as 

{x\ X\ X c } = £ ^d,X a doX b d xX c = £ TV^)- (2-1) 

The inner product may be defined as integration over the manifold M 

{f,9) = \ I d 3 yf(y)g(y). (2.2) 
T Jn 

The inner product between basis elements defines the metric 

h ab =( X a ,X b )- (2.3) 

The basic idea of [32] was to expand the 3 dimensional fields appearing in the BLG theory in 
terms of the basis generators {x a {y)}- This results in 6-dimensional fields defined on A4 xj\f. 
Of particular importance is the BLG gauge field which may be expressed as a bi-local field 
defined by 

A fM (x,y,y') = Af(x) X a (y)x b (y')- (2-4) 
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Taylor expanding the left hand side of this expression around Ay^ 1 = y'^ — y^ 1 results in 



A^x, y, y') = a^x, y) + b Xfl {x, y)Ay» + -c x(lil (x, y)Ay fl Ay° + ... (2.5) 

where 

d 

b\^(x, y) = -^j-A x (x, y, y) \ y/=y (2.6) 

It turns out that this is the only component in the Taylor expansion that ever appears in the 
Bagger-Lambert action. This follows from the fact that A Xab always appears in the action 
in the form f bcd a A Xbc and using (EU) and ([2J| 

f bcd a A Xbc = e^(d u b x ^ X d , Xa). (2.7) 
So for example the covariant derivative can be written as 

V x X\x,y) = [d x X Ia (x) - gf^AMcXfaWiv) 

= d x X J (x, y) - ge^%b x ,(x, y)d i> X I {x, y) 

= d x X I -gib^y^X 1 } (2.8) 

We see that the only term from the Taylor expansion that appears in the covariant derivative 
is the two-form gauge field b x „. In |33j this two-form gauge field is interpreted as the gauge 
potential associated with volume preserving diffeomorphisms of M . It is possible to define 
another type of covariant derivative T>^ by observing that, for a scalar field $, the object 
{X U ,XP, $} transforms covariantly under volume preserving diffeomorphisms. Thus we can 



define as 



= «9 A $ + g(d x b%$ - d^d^) + ^e^{&*, IP, $} (2.9) 
where the field ti 1 is defined through the relation 

XA=V + feA ) b^^e^bP. (2.10) 

g 

This may be interpreted as a weakened form of the static gauge condition relating to the fact 
that y^ 1 space does not possess full diffeomorphism invariance but only volume preserving dif- 
feomorphism invariance. This implies that one cannot completely fix the X^ fields, resulting 
in residual degrees of freedom parameterised by b^ . The quantity X^ defined above can be 
shown to transform as a scalar under volume preserving diffeomorphisms. This fact allows 
one to construct gauge field strengths which transform as scalars under gauge variations. 
We now have two types of covariant derivative, and T)^ which together constitute a set 
of derivatives acting on the 6-dimensional space M x Ai. As a special case of these covariant 
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derivatives one may define the following field strengths 

= W^aX a (2.11) 
= H X(li , - ge^dpb^dpb^ 

H m = g 2 {X\X\X 3 } - l - = 1 -{V -1) 

= ^123 + f (fy&^fe* " + ^{fe 1 , ft 5 , &*} (2.12) 

where V is the induced volume defined by 

V = g 3 {X i ,X i ,X 3 }. (2.13) 

In [33], these were the only components of the field strength Tippp (p> = 0, . . . 5) appearing in 
the action derived from the BLG theory. In the absence of scalar and fermion matter fields, 
the non-linear chiral field action of [33] took the form 

S = - J d 3 xd 3 y (Ui^U^ + ^HmH™ + )f vp B£d v b pil + g detB^j (2.14) 

where Bj 1 = e v ^di,b fl ^. This action is invariant under volume preserving diffeomorphisms 
but does not possess gauge covariance due to the last two terms (which originate from the 
BLG Chern-Simons term). In [33J it was assumed that the field strength components T-L^p 
and are dual to Upvp and H^p respectively. In other words 

ru . , — _ e f ...q-i v PV q-l . . , — e , . .^pqj (o i K) 

• <-pvp ^pvp^vpp ' L i I <-p,vp g c /ii/p c i L pup' V / 

This was confirmed recently in [M] where it was shown that solving the field equations 
associated with bpp and b^p is tantamount to imposing the Hodge self-duality condition 
on the non- linear field strength l-Lpvp- This allowed the authors to re- write the gauge-field 
Lagrangian in a gauge-covariant form as 

S J d xd y (^-^hL pi, pT~L^ 1 ^ -\- ~^Hpi / pl~L^ ^ ''^a'^p^A^p \2g ^ ^^^p 

(2.16) 

The last term in this expression can be interpreted as a coupling of the M5-brane to the 
constant background C3 field which has non-zero components Cpp p = -e^p. Following [34] . 
it is possible to re-write this as 

J d 3 xd 3 y-±-e^-Hp U p = \ J n 3 A C 3 . (2.17) 

This action possesses full volume preserving diffeomorphism invariance. However the Lorentz 
symmetry is broken by the presence of the three-form field. This concludes the brief overview 
of the Nambu-Poisson M5-brane model. 
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3 Worldvolume Superalgebra of BLG Theory with Nambu- 
Poisson Bracket 



In this section we would like to compute the worldvolume superalgebra associated with the 
BLG theory with Nambu-Poisson bracket. The usual method for calculating the superalgebra 
of a supersymmetric field theory goes as follows: Firstly one derives the conserved super- 
current, which is the Noether current associated with supersymmetry transformations. The 
supercharge is then defined by the spatial integral of the zeroth component of the supercur- 
rent. Using the fact that the supercharge is the generator of supersymmetry transformations 
and that the infinitesimal variation of an anticommuting field is given by 5$ oc {Q,§}, it 
follows that J 5J° oc {Q,Q}. We could in practice follow this procedure for the BLG the- 
ory with Nambu-Poisson bracket. However a simpler method involves making use of the 
superalgbera of multiple M2-branes. Our plan is to take the central charges of the Bagger- 
Lambert M2-brane superalgebra first calculated in [18] (See also [19], [20]), and re-express 
the 3-dimensional fields in terms of 6-dimensional fields using the conventions of the previ- 
ous section. We will see that in doing so, the M2-brane central charges will recombine to 
form M5-brane central charges corresponding to solitons of the worldvolume theory. We will 
also look at the Bogomoly'ni completion of the Hamiltonian and derive the BPS equations 
corresponding to the self-dual string soliton and the 3-brane vortex. To begin with we will 
calculate the Nambu-Poisson BLG supercharge. This will highlight the methodology and 
introduce useful notation and conventions. 



3.1 Nambu-Poisson BLG Supercharge 

We begin by deriving an expression for the supercharge of the Nambu-Poisson BLG theory. 
The basic idea is to take the original BLG M2-brane supercharge and expand the fields in 
terms of the basis {x a }- As we noted above, the spatial integral of the zeroth component 
of the supercurrent represents the supercharge, and the worldvolume supercurrent takes the 
simple form0 

- e = <0 a r^V>a (3.1) 

where 5ip a refers to the supersymmetric variation of the fermion field. This is related to the 
fact that the R-symmetry current ^T^i/j and supercurrent J M live in the same supermultiplet, 
and therefore should be related through a supersymmetry transformation. Evaluating ( 13. ip 
using the original BLG supersymmetry transformation one finds 

eJ" = -eTr(A,X 7 , PT'F'V) - ier w r M Tr({X J , X J , X K }, ip). (3.2) 

6 

Here the trace defines an inner product. We wish to re-express this in terms of the 6- 
dimensional covariant derivatives and field strengths introduced in the previous section. 

-"Tor details of the supersymmetry transformations of the BLG theory see 
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This can be achieved by splitting the scalar field index / — > (/i, i) and making the replace- 
ments [*, *, *] — > g 2 {*, *, *} and Tr — > (). Using this prescription along with the definitions 
presented in section 2 we can write the supercharge as 

eQ = - eTTT^VvX*^} - ePT < r r i a V>) 

2 2 

- ^-er j7 T°({X\ X J ', X fc }, V) - — eT^'r^A* X\ X J '}, V>) (3.3) 

where we have suppressed the integral over the worldvolume coordinates of the M2-brane 
worldvolume. In deriving this expression we made use of the fact that 

= r i23 e A>>P and ( F i2s) 2 = - 1 (3-4) 

from which it follows that 

e (ii>f>T IJ ' v = 2TpTi23- (3-5) 

The presence of r^3 i n the second and third terms of (13.31) means that only the SO(l,2) xSO(3) 
subgroup of the full 6 dimensional Lorentz symmetry is manifest. A similar difficulty was 
encountered for the fermion kinetic terms in |33J. There it was shown that it is possible to 
perform a unitary transformation of the spinor variables 

e = e'U, i) = Utfj' (3.6) 

where U is the matrix 

U = ^=(l-T m ). (3.7) 

Performing this transformation on the supercharge, and using the fact that [T**, T^j] = 
{P, r^} = {P\ T^} = results in 

e'Q' = - eTTt ^!^') - eT^TT (V^X 1 , i//) 
z 9 

2 2 

+ —e'r ijk r r i iMx i ,x j ,x k },i:') - y-?r (t v ij T ({x ft ,x i ,x i } ) i/)'). (3.8) 

6 ' ' 2 

It is possible to look at the weak coupling limit in which g — > 0. In this limit H — > H and 
T> — > d and the supercharge becomegj 

e'Q' = -eTTT ^!' V') - ^eT^r°(^,^) (3.9) 

with p, = (/!, fi). This expression agrees with the supercharge associated with an abelian 
Af = (2,0) tensor multiplet. 



2 Note that in deriving the weak coupling limit we have used the additional fermionic shift symmetry 
introduced in [33 to eliminate the 1 / g term from the fermion supersymmetry transformation. 
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3.2 Multiple M2-brane superalgebra 



We would now like to use the method outlined in the previous section to re-express the M2- 
brane central charges of the original BLG theory. Again this involves expanding the fields 
in terms of the infinite-dimensional generators {x a } associated with the Nambu-Poisson 
bracket. Our starting point is the Multiple M2-brane superalgebra as presented in |20j, 
which can be written as 

{Q,Q} 



with central charges 

Zu = - 

ZaIJKL = - 

z _i 

^IJKL — J 

The integrals are over the spatial coordinates of the M2-brane worldvolume and the trace 
defines the inner product in terms of the 3-algebra generators. It is possible to use the 
Bagger-Lambert equations of motion to re-write Zu and Z a jjxi as two surface integrals. 
In [IS] it was shown that these topological terms correspond to the charges of M2-M2 and 
multiple M2-M5 intersections (Basu-Harvey solution). The Zjjxl central charge terms were 
first considered in 1 19] where the distinction was made between so-called trace elements and 
non-trace elements^. If one only considers trace elements then Zjjkl vanishes as a result 
of the total antisymmetry in J, J, K, L indices and the fundamental identity of the BLG 
theory. In [T9] it was pointed out that constant background configurations of X 7 's which 
take values in non-trace elements should give rise to BPS brane charges. We will see that 
the contribution from Zjjkl is crucial in obtaining the M5-brane superalgebra as well as the 
D4-brane superalgbera. 



3.3 Re-writing of M2-brane central charges 

We begin by by splitting the scalar field index / — > (/i, i) and making the replacements 
[*, *, *] — > g 2 {*, *, *} and Tr — > (). In what follows, for the sake of clarity, we will suppress 
the angle brackets () which denote the inner product. Making repeated use of the conventions 

3 In [19] trace elements are defined as elements of a linear vector space with an inner product whereas 
non-trace elements are without a notion of inner-product. 



- 2P M rT° + z 7J r /J r° + z aIJKL T IJKL r a T 
+ z IJKL r IJKL (3.io) 



J ^af^{p a X I D p X J e aP - DoX*^ 1 , X J , X K \) 
j d 2 xTi(D^X I [X J ,X K ,X L }e aP ) 

J d 2 xTr([X M ,X I ,X J }[X M ,X K ,X L }). (3.11) 
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outlined in Section 2 and the Appendix results in 



J D a x / D /3 x J e a/3 r /J r° 



123- 



(3.12) 



D X J {X 1 ,X J ,X K }T JK r° 



2V X l P,X i T x T°T ] 

,2 



2V LU X i H ^T i T i r 



Oud) 1 

2 



A yl 1 1 1 123 

+ y^o^l^^^^^e^r^r + ^-n ^{x u ,x j , x^r^r^r !^ 



+ /A)X 4 {x\x^x J }rT J r° + ^PoX^x^x^x^r^r . 

(3.13) 



-7 ■p/Jii'LTaO 



ViX^g^^r* + 2VfiX\u m + -)r /3 r i r 



123 



+ 2P i .Y''P A .V'r ;A l 'M ; 2; , i - g 2 Uppv{X^ X\ X')Y tl '\'' i \' 



123 



- gtVpX'ix*, x j ,x k }r^r ijk + yP^x^p, x fe , x'jr^r 



ijkl 



+ 9 -n Pi>x {x\x^x k }Y^ k v m . 



(3.14) 



7 -pIJKL 



- n x .x : i)„.x ! i x "\ : < + ^^x^x^^^x'jr^r^'r^g 

+ g^x'ix*, x J ', x fc }r A r jfc ri23 + 2c/ 2 £> A x i {x / \ x\ .V'}r J r ;2;i 

4 4 

+ y{x A , x*, x^}{x A , ,v'..v j jr"' , r'' + j{x\ x\ x fe }{x\ x l , x m }r jklm 

n 4 

+ j{X A , X\ X j }{X», X k , X l }T ijkl - g 4 {X", X\ X j }{X\ X k , x l }T^P kl 



- g A {X\ X\ X A }{X\ X k , X^T^T^ 



(3.15) 



Looking at these terms we notice that many of them share the same structure despite origi- 
nating from different M2-brane charges. The hope is that these terms will combine to form 
central charges of the M5-brane worldvolume theory. However as it stands, many terms 
sharing the same structure in fl3.12l) - fl3.15l) have the wrong relative sign so they are un- 
able to combine. It turns out that this problem can be resolved by multiplying the central 
charges from the left and right by the unitary matrix U. This is reasonable thing to do 
since, as mentioned earlier, the method for calculating the M2-brane superalgebra involves 
calculating eSJ° = e{Q,Q}e. We have seen that when calculating spinor quantities in terms 
of Nambu-Poisson brackets it is necessary to perform unitary transformations on the spinor 
fields to bring them to the correct form (for example the fermion kinetic terms, fermion su- 
persymmetry transformation and supercharge). Therefore one might expect that the correct 
expression for the M5-brane superalgbera would result from evaluating e'{Q', Q'}e'. This 
is equivalent to multiplying the central charges in f l3.12p - fl3.15p from the left and right by 



8 



the unitary matrix U. We will see in the next section that by performing this unitary 
transformation, all terms of similar structure combine into M5-brane charges. 



3.4 Nambu-Poisson BLG Superalgebra 

It is well known that the M5-brane worldvolume theory contains 1/2 supersymmetric solu- 
tions corresponding to worldvolume solitons. A remarkable feature of these soliton solutions 
is that they suggest their own 11-dimensional spacetime interpretation in terms of 1/4 su- 
persymmetric intersecting brane configurations. It was shown in [4] that the spacetime 
interpretation is already implicit at the level of the worldvolume supersymmetry algebra. 
There it was shown that the D = 6 worldvolume supersymmetry algebra of the M5-brane 
contains two types of central charge 



The W-charge is a worldvolume 1-form carried by the self-dual string living on the M5- 
brane. The Z-charge is a worldvolume self-dual 3-form carried by worldvolume 3-branes 
corresponding to an M5-M5 intersection. H is the worldvolume 3-form field strength and 
X and Y are two worldvolume scalars describing fluctuations in two directions transverse 
to the M5-brane worldvolume in spacetime. The integrals are over the subspaces of the 
5-dimensional worldspace transverse to the p-brane solitons. W dependends on one scalar 
field, as required by its identification with the magnitude of a 1-form in the space transverse 
to the brane. Similarly, the dependence of the 3-brane charge Z on two scalars is required by 
its interpretation as a transverse 2-form. In this section we will combine the terms appearing 
in the previous section into M5-brane central charges and write the BLG Nambu-Poisson 
superalgebra. At lowest order in the coupling g we will see that the superalgebra contains 
both the W and Z charges expected from the worldvolume superalgebra of the M5-brane. 
In addition we will find higher order coupling central charges, some of which involve the 
background 3-form C-field. Since the resulting expression is long and complicated we will 
split the superalgebra into three parts depending on the order of the coupling of the central 
charge. Having performed the unitary transformation described in the previous section one 
finds 



We will take each term separately and try to provide an interpretation of the central charges. 
To begin with we look at Z(g°). Remarkably one finds the compact expression 




(3.16) 



{Q, Qjcentral OC Z (g°) 



)F m + Ztf)T m + Z(g*)T 



123 



(3.17) 



Z(g°) = + V„.\ : V h .\'V"''V ,J + 2V X i D k X i T°T k + -V a X i n hcd V ahcd V i 

3 

- -VpX^rv m + Ua^nM + I^r ^ - \n a ^n PM) v^r 

g g z, 
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with a = (a, fi) representing the spatial coordinates on the worldvolume of the M5-brane. 
Note that in obtaining this result we made use of % a @ x = — ^e al3 e u ^ x 'Hoi / p as well as 

^v a xm bcd r abcd = + v a x i u^Y a ^ + p A jf%. A r^ 

+ VfXnp^T^ + IVnX'H^T ***. (3.18) 

We see that there are three types of term in Z(g°): Charges of the form VXVX, those 
of the form VXT-L and finally those of the form T-CH. We will only be interested in static 
configurations so will ignore the term involving T>qX. We see that the first term DaX 1 !)^^ 
corresponds to the charge of the 3-brane vortex living on the M5-brane worldvolume. When 
only two scalar fields are active (X and Y) we can identify it as the charge Z appearing in 
(13.161) . The VH term corresponds to the self-dual string charge. If we consider the situation 
in which only one scalar field is active (X) and assume that this scalar is a function of only 
four of the spatial worldvolume coordinates of the M5 brane, namely p, — (2, 1, 2, 3), we see 
that the VH term becomes e^ vpa T>pX'Hi,pfr. This exactly corresponds to the energy bound W 
appearing in (13.161) . The VH term with coefficient 2/g may be thought of as a contribution 
from the background 3-form gauge field C. Making the identification C^z — ^c^CfiOp oc 1/g 
we have 

- -VpXWTuA = \v p X l C^Y^r. (3.19) 
9 

We can think of this term as representing a C-field modification of the self-dual string charge 
in the directions 123. We can provide an interpretation of the 1-CH term by thinking about 
its double dimensional reduction. This will be carried out explicitly in the next section but 
for now we note that the 'H ap x'Hi3&ui charge reduces to a D4-brane instanton charge that 
looks like FF. From the D4-brane perspective this can be thought of as the charge of a 
DO-brane within the worldvolume of the D4-brane. Thus from the M5-brane perspective 
this charge can be thought of as an M-wave intersecting an M5-brane. We now turn to the 
Z(g 2 ) charges, 

Z(g 2 ) = + £ 2 £> a JT{X A , X j , x k }T a ^T ijk - g 2 D- a X i {X\ X j , X fc }FT jA T i2 3 
a 2 

- —VfiX l {X\X k , X l ^Y lM Y m + 2g 2 V fl X l {X", X\ X j }T J 
3 

n 2 

+ g 2 V Q X i {X v ,X\X j }T°r v T j + —U^X^, X j , x^T^T^T 

-g 2 n^{x\x\x j }v^r ] - !L'Hp^{x i ,x i ,x k }rM k r ijk 

- V(^i23 + -){X' i ,X i ,X i }r' i P J '. (3.20) 

In the second term the label a = (0,/i). A few comments are in order. As we will see 
in the next section, double dimensional reduction of the first term gives rise to a charge 
gD a X % \X\ X k }. This term bares a structural similarity to the charge corresponding to a 
Nahm equation configuration in which multiple D2-branes intersect a D4-brane in which 
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the commutators have been replaced by Poisson-brackets. Thus one might expect to find 
a Nambu-Poisson bracket version of the Basu-Harvey type energy bound in the C-field 
modified M5-brane superalgebra. Indeed the charge j^X'jX^, X k , X 1 } appearing in (I3.20p 
is reminiscent of the Basu-Harvey charge expressed in terms of Nambu-Poisson bracket. For 
a discussion of the geometry of the M5-brane in the presence of a constant C-field as well as 
the derivation of the C-field modified Basu-Harvey equation as a boundary condition of the 
multiple M2-brane theory see |35j. Finally we have the Z(g 4 ) charges which take the form 

z( g 4 ) = + g A {x\ x j , x^}{x\ x k , x°}r^r lk + g 4 {x», x\ x ] }{x\ x k , x^r'T^r^ 

4 4 

- ^{X^,X\X j }{X^X k ,X l }T ijkl - ^{X\X\X k }{X\X\X m }T jklm . (3.21) 

We will see that only the first and third terms survive the dimensional reduction and give rise 
to a charge analogous to the D4-brane charge found in Matrix theory. The M5-brane analogue 
of this interpretation requires further investigation. Most importantly in this section we have 
seen that the BLG superalgebra based on Nambu-Poisson bracket contains the expected 
central charges corresponding to an M5-brane. Namely the 3-brane charge and self-dual 
string charge, suitably modified by the presence of the background gauge field. In the next 
section we will confirm the existence of these charges as energy bounds from the Hamiltonian 
perspective. 



3.5 Hamiltonian analysis and BPS equations 

We would like to derive the energy bounds corresponding to M5-M2 and M5-M5 intersections 
by looking at the Bogomoly'ni completion of the Nambu-Poisson BLG Hamiltonian. For the 
original Bagger-Lambert theory the energy-momentum tensor with fermions set to zero takes 
the form 

= D^D^X 1 - rf^-DpX'DPX 1 + V). (3.22) 

The Chern-Simons term does not contribute due to the fact that it is topological in nature 
and does not depend on the worldvolume metric. For static configurations the energy density 
takes the form 

E = ^D a X l D a X l + -^[X^X^X*] 2 . (3.23) 
Re-writing this expression in terms of M5-brane fields one finds 

E = + l(V a Xy + \{V^f + \ul, u + l(H m + C^) 2 

4 4 

+ j{X^ X\ X 1 } 2 + X j , X k } 2 . (3.24) 

In order to find the energy bound corresponding to the self-dual string soliton we consider 
the situation in which there is only one active scalar field which we call X. Furthermore we 
assume that this scalar is a function of only four of the spatial worldvolume coordinates of 
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the M5 brane, namely fx = (2, 1, 2, 3). In what follows we will assume (7^3 = 0- m this case 
the energy density takes the following form 



E= l -(V [l Xf + yil 



(3.25) 



We can re-write this as 



E = -\VaX ± -e^ a n m \ 2 T~e 
2 1 m 6 6 




(3.26) 



We see that the energy density is minimised when the BPS equation 



X? A X ± le^Uppa = 



(3.27) 



is satisfied. In this case the energy is bounded by the central charge 



Z 



(3.28) 



The BPS equation ( I3.27P matches the result found recently in [35], where the author used 
supersymmetry arguments to derive the BPS equation corresponding to the self dual string 
soliton. Furthermore the energy bound (13. 28ft matches the central charge found in the 
superalgebra of the previous section. The effect of turning on the (7^3 fi^d is to modify 
the BPS equation and energy bound by shifting the T-i^ component of the field strength. 
In [33] a generalisation of the Seiberg-Witten map was shown to relate the theory of M5- 
branes based on Nambu-Poisson bracket with the theory of an M5-brane in constant 3-form 
background. In |36j , solutions to the BPS equation (I3.27P were found up to first order in the 
coupling g. The generalised Seiberg-Witten map was then used to match the solution with 
the known results derived in [37] , [3S] • We have shown that the energy bound corresponding 
to this solution can be seen from the Hamiltonian and superalgebra perspective. Next we 
will consider the 3-brane soliton corresponding to an M5-M5 intersection. We will let the 
3-brane lie in the (0, 1, 2, 1) plane with transverse directions in the a = (2, 3) directions. We 
allow two scalars to be non-zero and label them X and Y. These scalars are only functions 
of the transverse directions (2,3). In this case the energy density (I3.24[) becomes 



This matches the central charge of the 3-brane vortex found in the superalgebra of the 
previous section. This concludes our discussion of the M5-brane central charges. In the next 
section we will investigate the double dimensional reduction of the M5-brane Nambu-Poisson 
superalgebra. 



E= l -{V,Xf+ l -{V a Yf 

= 1 -\V d X±e iib V b Y\ 2 Te, b V il XV b Y 



(3.29) 



Thus we see that the energy is bounded by 



Z = e ab V a XV b Y 



(3.30) 
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4 Double Dimensional Reduction of Superalgebra 



In this section we perform a double-dimensional reduction of the Nambu-Poisson M5-brane 
superalgebra. We then attempt to provide an interpretation of the corresponding charges in 
terms of spacetime intersections involving the D4-brane. Importantly we will see that the 
algebra we derive consists of only the 'Poisson-bracket' terms of the full non-commutative 
D4-brane superalgebra. 



4.1 Dimensional Reduction Conventions 



In order to perform the double- dimensional reduction we choose the compactification direc- 
tion to be X 3 . Following the conventions of [33] we define the gauge potential as 

As a result the covariant derivatives become 

D^X" = -f&Frf, Z^X 3 = -a„, D^X 1 = D^X\ (4.2) 

where we define 

Fab = d a a b - d b a a + g{a a , a b }, 

b^ = d (t $ + g{a ll ,$}. (4.3) 
The Poisson bracket {*, *} is defined as the reduction of the Nambu-Poisson bracket 

{f,9} = ti l ,f,9}- (4-4) 
The relevant Nambu-Poisson Brackets are 

{X\X\xi} = - 2 F i2 + - i (4.5) 

g l g 6 

{X 3 , X", X { } = —fWbi.X* (4.6) 
9 

{X 3 , X\ X j } = -{X\ X j } (4.7) 

To perform the dimensional reduction it will prove easiest if we start with the M2-brane 
central charges and re-write them in terms of the D4-brane variables direct ljfl 



4 This will give the same result as performing the reduction on the M5-brane superalgebra derived in the 
previous section. 
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4.2 D4-brane Superalgebra 



We begin by using the conventions of the previous section to re-write the central charges of 
the M2-brane theory. One finds 

-D a x I D p x J ^r IJ r° ->■ + b a x i bpX i Y ali r i + 2F l ^ a b l3 x i T^rr i 

~)pX t F p] 



+ 2D«X i F 0/3 r 3 T°. 



D X K {X K ,X I ,X J }T IJ T° -)• + -F a pF.,r a ^ + -F aP T 12 T^ 



9 

+ F aP b i x i r a ^r i T A + fLp a 0{x i ,x j }r af, r ij 

+ iuJ-' n r^ + 2i^ 7 r 07 
+ -F^r^r^ + 2bpX i F 0$ r iii r 

+ 2gb X i {X\X j }T°T j T ti - 2b X i b $ X i T ^. 

^b /3 x I {x J ,x K ,x L }r IJKL e a ^r a0 ->■ + P^b^xT^rr* + -^rrr^r" 

+ #F^{x\x j '}r^r j ' + ^x^x^x^rVr^ 
+ 2F a pb i x i r a ^ ( r i T A + 2b a x i b- fi x j Y a P . 

^{x M ,x I ,x J }{x M ,x K ,x L }v IJKL + x j '}r d 0r <j ' + {.v'..V'jr' 2 r' j 

+ #£ d x*{x j ,x fe }rMp Jfe + i) -.x'V" 'V J 



g 2 



+ j{X i , X J '}{X fc , X , }P J ' W . (4.8) 

Looking at these terms we notice that many of them share the same structure despite orig- 
inating from different M2-brane charges. Combining these terms it is possible to write the 
D4-brane superalgbera as 

{Q, Q}cc„trai = + b^ b b x j r ab r ij + b a x l F^rv* - 2D a x* F 0a r°rri 

+ ]F ab F cd T abcd + ^-F ab {X\X j }T ab T l] + gb a X l {X>, x k }T a T ijk r* 

n 2 1 ~ 2 ~ 

+ ^{X\X j }{X k ,X l }r ijkl + -F a pT l2 T al3 + -DpX i T i T 123 T 13 

+ {X\ X j }T i2 T ij + 2gD X i {X i , X J '}r°Fr 3 - 2D X i bpX i T°P. (4.9) 
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4.3 Interpretation of charges 



In [53] (see also it was argued that the Nambu-Poisson BLG theory is a theory of an 
M5-brane in a strong C-field background. This was motivated by the fact that, upon dou- 
ble dimensional reduction, the theory shares a structural similarity to a non-commutative 
D4-brane theory. It is important however to emphasise a few points relating to this inter- 
pretation. Firstly, the double dimensional reduction of the Nambu-Poisson M5-brane only 
captures the Poisson bracket structure of the non-commutative D4-brane action, but misses 
all the higher order terms in the ^-expansion of the Moyal bracket. Recall that the non- 
commutative D4-brane theory is described using the Moyal * product (see for example |40j). 
It is possible to expand the Moyal bracket in 9. One finds at lowest order in 9 the Poisson 
bracket structure, 

[/, sWai = f*g-g*f = ij difd j9 + 0(9 3 ). (4.10) 
where „ 

i_ nij Q Q 

f(x)*g(x) = e* ^ s *f(x + Z)g(x + x)\s= x =o- (4.11) 

The fact that the double-dimensional reduction of the Nambu-Poisson theory only captures 
the lowest order term in the Moyal-bracket means that one is not able to identify this theory 
as the full non- commutative D4-brane theory. Rather it may be viewed as a Poisson-bracket 
truncation of the full non-commutative field theoryjfl Given these consideration, plus the 
fact that higher order terms in g are considered in this paper, it is important to emphasise 
that the results derived for the central charges in (14.91) are only valid for the Poisson-bracket 
D4-brane theory. 

In (14.91) the spatial coordinates of the brane are labeled by a = (a, a) . Given the fact that 
the D4-brane results from the double dimensional reduction of the M5-brane, one would 
expect to see remnants of the M5-brane solitons in the worldvolume superalgebra of the 
D4-brane. Furthermore, the M5-brane couplings to the background 3- form should appear as 
couplings to the NS-NS 2-form B-field from the D4-brane perspective. As outlined in [5], the 
self dual sring soliton from the M5-brane worldvolume theory can be reduced to a 0-brane or 
1-brane solution on the D4-brane worldvolume depending on whether the string is wrapped 
or un-wrapped around the compact dimension. In the abelian case the BPS equation cor- 
responding to the 0-brane BPS soliton on the D4-brane takes the form Fo a oc d a X where 
X is the only active scalar field parameterising a single direction transverse to the brane. 
From this one can read off the energy bound when the BPS equation is satisfied which is 
proportional to d a XFo a . We see the covariant generalisation of this term appearing in the 
superlagebra derived above in the form D a X l F 0a . This bound can naturally be interpreted 
as the endpoint of a fundamental string on the D4-brane. Alternatively, the 1-brane soliton 



5 In a recent paper [IT] the question was asked whether it is possible to deform the Nambu-Poisson M5- 
brane theory such that its double dimensional reduction gives rise to the full non-commutative Yang-Mills 
theory to all orders in the non-commutativity parameter 0. They found that there is no way to deform the 
Nambu-Poisson gauge symmetry such that the full non-commutative gauge symmetry was recovered upon 
double-dimensional reduction. 
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resulting from the un-wrapped self-dual string has BPS equation Fb c oc e a b c d a X with corre- 
sponding energy bound proportional to e a b c d a X F bc . This term can naturally be compared 
with D a X l Fb c T abc appearing in (14. 9p . One can think of this as the bound associated with 
a D2-brane intersecting a D4-brane which appears as a 1-brane soliton from the D4-brane 
perspective. It is worth noting that the D4-brane worldvolume superalgebra allows scalar 
central charges in the 1 + 5 representation of the Spin(5) R-symmetry group which can be 
interpreted as the transverse rotation group. As noted above, the scalars in the 5 repre- 
sentation can be interpreted as the endpoints of fundamental strings on the D4-brane. The 
Spin (5) singlet scalar is a magnetic charge which from the spacetime perspective corresponds 
to a DO-brane intersecting a D4-brane. Because it is a singlet its charge cannot depend on 
any transverse scalars. Following arguments similar to those presented in [8], one can show 
that the total energy E of this configuration, relative to the worldvolume vacuum, is subject 
to the bound E > \Z\ where Z is the topological charge 

Z=~ I tiFF. (4.12) 

This corresponds to the central charge appearing in the superalgebra 

-P ,p ,r abcd rsr-p.fi , e ahcd 
^ L ab L cd L 4 

= \f~F. (4.13) 

The central charge in (14. 9 p involving two covariant derivatives, D a X l D\jX\ derives from 
the 3-brane vortex on the M5-brane worldvolume corresponding to an M5-M5 intersection. 
The double dimensional reduction of the 3-brane gives rise to a 2-brane on the D4-brane 
worldvolume. This may be interpreted as the intersection of two D4-branes over a 2-brane. 
It is interesting to notice that the superalgebra contains a central charge term proportional 
to D a X l {X\ X k }. This charge would appear to represent Nambu-Poisson analogue of the 
energy bound associated with the Nahm equation which describes the intersection of multiple 
D2-branes with a D4-brane. However it is well known that the Nahm equation is the BPS 
equation associated with the non-abelian worldvolume theory of D-branes. It therefore 
seems remarkable that information regarding the energy bound of this configuration should 
appear in the worldvolume theory of a single D4-brane. Furthermore, the central charge 
proportional to {X\ X j }{X k , X 1 } seems analogous to the D4-brane charge appearing in 
the matrix model for M-theory found in [42J. It seems as if the worldvolume superalgebra 
derived above contains information about intersections involving multiple DO-branes and 
multiple D2-branes from the perspective of the D4-brane as well as from the perspective of 
the DO-brane and D2-brane worldvolume theories. 



4.4 Comments on 1/g terms in D4-brane theory 

It is worth making a few comments regarding the interpretation of the 1/g terms appearing 
in the superalgebra (14.91) . In [33J, the coupling of the dimensionally reduced theory was 
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identified with the non-commutativity parameter of the D4-brane theory, g = 6. Based on 
this identification one can think of the 1/g terms as being 1/6 modifications of certain central 
charge terms. More precisely, any term in the algebra (14. 9p deriving from the dimensional 
reduction rule (14. 5 p will contain a term of the form + 1/6 (once we have identified g = 6). 
Ultimately we can think of this shift in the (12) components of the field strength as being 
related to the presence of a background B-field. After all, the non-commutative theory 
is meant to be an effective description of the D4-brane in B-field background. In order to 
move from the non-commutative description (without background flux) to the 'commutative' 
description involving the background B-field it is necessary to use the Seiberg-Witten map 
|40j . In principle this can be done for the central charge terms involving 1/6 appearing 
in (14. 9p . It is known for example that from the perspective of the 1-brane soliton on the 
D4-brane worldvolume, the presence of a background 5-field causes a tilting of the 1-brane 
as it extends from the D4-brane. This can be shown to result from a shift in the field 
strength by the B-field. This shift leads to a change in the form of the BPS equation and 
the corresponding BPS energy bound (central charge) Jf| 



5 Discussion and Conclusions 



In this paper we investigated the worldvolume superalgebra of the BLG theory based on a 
Nambu-Poisson bracket. This was achieved by re-expressing the BLG M2-brane worldvol- 
ume central charges in terms of infinite dimensional generators defined by the Nambu-Poisson 
bracket. This resulted in a new set of central charges expressed in terms of 6-dimensional 
fields. These we interpreted as central charges corresponding to worldvolume solitons of the 
M5-brane worldvolume theory in the presence of a background 3-form gauge field. In partic- 
ular we found that the central charges of the M5-brane theory could be grouped according 
to the power of the coupling constant g. At O(g ) we found central charges corresponding to 
the self-dual string soliton which describes an M2-M5 intersection as well as a 3-brane soliton 
corresponding to an M5-M5 intersection. We also found that background C-field modifies 
the energy bound of the self-dual string charge by shifting the "Hi^-j component of the field 
strength. Our paper therefore reinforces the results presented in [32] and [33] in which the 
BLG theory based on Nambu-Poisson bracket was interpreted as a theory describing an 
M5-brane in 3-form flux. Furthermore we investigated the double dimensional reduction 

6 There is a slightly puzzling feature of the D4-brane algebra appearing in (|4.9|) . This is related to the fact 
that, for the case studied in this paper, it would seem the correct non-commutative description of the D4- 
brane theory is the matrix model description. This might be inferred from the fact that the Nambu-Poisson 
M5-brane theory is constructed from the M2-brane action (The analogous situation in type IIA string theory 
would be constructing the D4-brane from the D2-brane action and we know the matrix theory description 
naturally arises in this setting). In this case, following [43], one expects to find the combination F — 1/9 
appearing in the action, not F + 1/9. This discrepancy could be related to the fact that the reduction of 
the Nambu-Poisson algebra only gives the Poisson terms of the non-commutative D4-brane theory, whereas 
the combination F — 1/9 appears in the full non-commutative theory. We hope to return to this issue in a 
future publication. We would like to thank the referee for bringing this point to our attention. 
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of the M5-brane Nambu-Poisson superalgebra. We found central charges corresponding to 
spacetime intersections of the D4-brane with DO-branes, D2-branes and D4-branes, as well 
as the endpoint of the fundamental string. We also found charges corresponding to Nahm 
type configurations which we interpreted as multiple D2-branes ending on the D4-brane. 
Finally we found a charge reminiscent of the D4-brane charge found in Matrix theory. It 
would appear that the superalgebra of the BLG theory based on Nambu-Poisson structure 
contains a huge amount of information about spacetime configurations including non-abelian 
phenomena. In this paper we were only able to provide spacetime interpretations for some of 
the M5-brane charges. However, knowledge of the D4-brane spacetime configurations may 
provide a hint. We hope to return to the interpretation of the remaining charges in the near 
future. 
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A Conventions 



In the BLG Nambu-Poisson model of the M5-brane, the worldvolume is taken to be the 

product manifold M. x N '. We assume a Minkowski metric rj^ = diag( h +) on Ai 

and a Euclidean metric 5 p o = diag(+ + +) on the internal space N ' . The supersymmetry 
transformation parameter e and the fermion ip of the Bagger-Lambert theory belong to the 
8 S and 8 C representations of the SO (8) R-symmetry and are 32-component spinors satisfying 

T pup e = +er p e, T pup tp = -e pup tfj. (A.l) 

We assume that £ 012 = — e 012 and thus 

e^ p ° = -Wx-WD- (A.2) 
t^ va = -251 (A.3) 



The following relations on M. follow from the chirality constraint (lA.lj) 



e pup T up e = -2T p e. (A.4) 

e pup T p e = T pu e. (A.5) 

e pvp T vp i\) = +2FV- (A.6) 

e pup T P i) = -T pu i). (A.7) 

There is no analogue of the relations (1A.1I) on N '. However we do find the following infor- 
mation useful 

(A.8) 

5, & 5 Xp . (A.9) 

(A.10) 
(A.ll) 
(A.12) 





_ £ 123 


e i23 








fiv\ e p,va 


ACT 


P. . . 

P-vp 




(r i23 ) 2 


= -1. 
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